Introduction
Structure of pure breeds of domestic animals frequently shows a hierarchy, in which favourable genes are accumulated in the upper level of the hierarchy by artificial selection and the genetic progress is transferred to the lower level mainly through migration of males (e.g. BARKER, 1957; ROBERTSON and ASKER, 1951; VU TIEN KHANG, 1983 ). In such a structure, according to the levels of the hierarchy, different strategies will be required for reducing the inbreeding rate and maintaining the genetic diversity.
Farmers in the lower level of the hierarchy usually rear females to produce commercial products and their replacements. Since the traits related to commercial production and reproduction generally show strong inbreeding depression (FALCONER and MACKAY, 1996; PIRCHNER, 1985) , the suppression of increased inbreeding in the commercial females will be an important issue. HONDA et al. (2004a) showed that when the upper level of hierarchy (breeding population) is subdivided into several isolated subpopulations (sire lines), the inbreeding of commercial females can be suppressed to a negligible level by the application of rotational mating with the sire lines. In practice, however, some migration should be allowed among the sire lines, to reduce the rate of inbreeding in each sire line.
Since the migration generates genetic relationships among the sire lines, the effectiveness of the rotational mating may be reduced.
In the present study, a theory for predicting the inbreeding coefficient of commercial females maintained by the rotational mating with partially isolated sire lines is formulated, and the effect of migration among sire lines on the efficiency of rotational mating is examined. An application of rotational mating to the population of Japanese Black cattle is also considered. Assuming a situation where five sire lines are constructed from each of the five regional subpopulations in this breed, we have already assessed an optimal management plan of the genetic diversity in the breeding population, in terms of the size of sire lines and the migration rate among them (HONDA et al., 2005) .
Theory (1) Theory of group coancestry
To derive the prediction theory, we applied the group coancestry theory (COCKERHAM, 1967 (COCKERHAM, , 1970 , which is an extension of the coancestry of individuals (MALÉCOT, 1948) . The main variables and notations used for the derivation are listed in Table 1 . Under random mating, the group coancestry has the same operational rule as the ordinary coancestry. For example, suppose a group of individuals x, which has the parental group p and q, and the grand parental group a, b, c and d, respectively. Let p q φ ⋅ be the group coancestry between the groups p and q. The expected inbreeding coefficient of individuals in group x ( x F ) is expressed as
The group coancestry of group x with itself can be considered to be the average pairwise coancestry including reciprocals and self-coancestries (CABALLERO and TORO, 2000) as
where N is the number of individuals in group x, and x φ is the average pairwise coancestry among individuals (excluding self-coancestries).
(2) Breeding population
Population structure
We suppose that the breeding population is subdivided into n partially 
Probability of gene identity by descent in the breeding population
To describe the progress of the gene identity by descent in the breeding population, three coefficients in generation t, i.e. the inbreeding coefficient within each sire line ( ), and coancestries between two individuals within and among sire lines before migration ( * t F t θ and t α , respectively) should be considered (WANG, 1997) . Note that when the numbers of male and female offspring follow independent Poisson distributions, there is no need to distinguish the coancestry between individuals according to their sexes, i.e., 
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(3) Population of commercial females
Rotational mating system
Commercial population of females is assumed to be maintained by random mating with sires rotationally supplied from the n sire lines before migration.
Generations are discrete and proceed with the same interval as in all the sire lines. The population of commercial females is denoted by c.
The line supplying sires to the commercial females in a given generation is referred to as the supplier at that generation. We give sequential numbers 1, 2, …, n to the suppliers in generations 0, 1, …, n-1, respectively. Letting S t-i be the sequential number of the supplier in
where
x n is the remainder of integer x divided by n. Note that, because of the nature of rotational mating, t i
for a given integer number k. An arbitrary line that is not the supplier at generation t-i is referred to as non-supplier, and is denoted as NS t-i .
Probability of gene identity by descent in the commercial female population
To obtain the recurrence equation for probability of gene identity by descent in the commercial female population, we need to specify the three coefficients in generation t, i.e., the inbreeding coefficient of commercial females ( ), the group coancestry between males (before migration in generation t) in the supplier in generation t-1 and commercial females in
), and the group coancestry between males (before migration in generation t) in a non-supplier in generation t-1 and
). By the operational rule of coancestry (eqn (1)), is simply expressed as
Figure 1 (A) shows the diagram for deriving the expression of
Applying the operational rule of group coancesty (eqn (1)) to the diagram, we can obtain the expression
Note that in the parental groups of each sex in the supplier after migration (M(S t-1 ) and F(S t-1 )), non-immigrants and immigrants from an arbitrary sire lines are contained with the proportions of 1 v d − and
respectively. Furthermore, applying the operational rule (eqn (2)) and noting that the relations (3) hold in our model and for the same reason,
, we can express the four group coancestries on the right hand of eqn (7) as
Substituting these expressions into (7) gives
where 2 Applying the similar argument to Figure 1 (B), we can obtain the expression of
Recurrence equations in vector-matrix form
Putting and 1 
we can combine equations (4) and (6), (8), and (9) as
where is the matrix defined by eqn (5) 
Note that is a circular matrix describing the periodic nature of rotational mating such as . 
Asymptotic rate of inbreeding of commercial females HONDA et al. (2004a) proved that when each sire line is completely closed ( 0 ), the inbreeding coefficient of commercial females asymptotically approaches an intermediate value (
when migration is allowed among the sire lines, the inbreeding coefficient of commercial females asymptotically approaches unity. The asymptotic rate of inbreeding ( 
Results and discussion
Our previous report (HONDA et al., 2004a) showed that with completely respectively. The inbreeding in the breeding population is inflated by an increase in n, since it is accompanied by an decrease in the size of each sire line (Fig. 4 (A) ). A small amount of migration among the sire lines effectively reduces the increase of inbreeding, but the effect is rapidly diminished as the migration rate becomes larger. With a high rate of migration (say ), the inbreeding coefficient tends to converge to a single value regardless of the number of sire lines, since the breeding populations essentially behave as a single population. In contrast, the increase in n and have reversal effects on the inbreeding coefficient of commercial females (Fig. 4 (B) ). As illustrated by this example, the optimum structure of breeding population should be empirically found so as to balance the conflicting effects on the inbreeding in the breeding and commercial populations. (HONDA et al., 2005) .
With the migration matrix defined by HEDRICK (1983 ), HONDA et al. (2005 predicted that when this asymmetrical pattern is persisted over generations, the genetic variability among the subpopulations will be seriously decayed within a few generations. The decay will largely reduce the merit of rotational mating with the sire lines constructed from the different subpopulations. For a successful rotational mating, the management of migration to avoid an extreme asymmetrical pattern has an essential importance.
The hierarchical population structure as assumed in the present study has been found in many livestock breeds (for a review, see VU TIEN KHANG (1983) ). The subdivision of the upper level of hierarchy (breeding population) has been also reported in many breeds (e.g. HONDA et al., 2002; SÖLKNER et al., 1998) . For these breeds, the mating system proposed in this study could be a guideline to the conservation of genetic diversity in the breeding population and the suppression of inbreeding in the commercial population. 
Groups of animals. S t-i
Sire line supplying sires to the commercial females in generation t-i, which is referred to as supplier at the generation.
NS t-i
Sire line that is not the supplier at generation t-i, which is referred to as non-supplier at the generation.
v(i)
Group of animals of sex v in sire line i before migration.
V(i)
Group of animals of sex V (=M for male or F for female) in sire line i after migration. : Number of sire lines used in the rotational mating. 
